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Abstract
A generic projection of a surface-link onto 3-space may contain some triple points. We study
some invariants of a surface-link concerning the number of triple points. In particular we give a
homological interpretation of the invariant if both of a 2-component surface-link are non-orientable.
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1. Introduction
A surface-link F = F1∪F2 ∪ · · · ∪Fn is a locally flat 2-submanifold of the Euclidean 4-
spaceR4, where each componentFi is homeomorphic to a closed surface. Under a suitable
projection of R4 to R3, the projection image of F is called generic if its double point set
consists of isolated branch points, double point curves and isolated triple points (cf. [2]).
Each triple point occurs by the intersection of three sheets, called top, middle and bottom
with respect to the projection direction. If the top, middle and bottom sheets are from
components Fp , Fq and Fr respectively, then the triple point is called of type (p, q, r). Let
N(p,q, r) denote the number of triple points of type (p, q, r) on a generic projection of F .
We show that these numbers mod 2 are invariants of surface-links if p = q = r , which
we call Z2-triple point invariants. Since the triple point number involves three sheets, it is
sufficient to consider the 2- and 3-component surface-links. We will show that the triple
point invariantN(1,2,1) (mod 2) of a 2-component surface link F1∪F2 is significant only
if both F1 and F2 are non-orientable.
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For an oriented surface-link F = F1 ∪ · · · ∪ Fn (that is, each Fk is an oriented closed
surface), the triple point invariant T (p,q, r) ∈ Z is defined to be the sum of the signs of all
triple points of type (p, q, r) (p = q = r) (cf. [1]). In the case of an oriented 2-component
surface-link, such triple point invariants always vanish; T (1,2,1) = T (2,1,2) = 0. Our
invariantsN(p,q, r) (mod 2) differ from T (p,q, r) in that we can apply them to a surface-
link which may contain non-orientable components.
This paper is organized as follows. In Section 2 we review Roseman moves and prove the
invariance of N(p,q, r) (mod 2). Section 3 is devoted to give some fundamental properties
of Z2-triple point invariants. Section 4 shows an example of a 2-component surface-link
with non-trivial values. A homological interpretation of Z2-triple point invariants (in case
of 2-component) is given in Section 5.
Throughout this paper, we work in the piecewise-linear category and assume that all
projections of surface-links onto R3 are generic.
2. Roseman moves
Roseman generalized Reidemeister moves to surface-links (cf. [3]). Fig. 1 shows their
(generic) projections. Two surface-link diagrams represent isotopic surface-links if and
only if the diagrams are related by a finite sequence of moves, called Roseman moves, taken
from this list. Here the surface-link diagram is the projection with crossing information.
Theorem 2.1. For a surface-link F = F1 ∪ · · · ∪ Fn, the numbers N(p,q, r) (mod 2) are
invariants of the isotopy class of F if p = q = r .
Proof. We check that N(p,q, r) (mod 2) is invariant under the Roseman moves. Since this
number only depends on triple points, it is sufficient to consider such moves that involve
triple points. These moves are:
(1) the creation or cancellation of a pair of triple points,
(2) moving a branch point through a sheet, and
(3) the tetrahedral move.
In the move (1), since a pair of triple points of the same type involved, the number
N(p,q, r) (mod 2) is unchanged. In the move (2), the triple point involved is of type
(p,p, q) or (p, q, q), and hence the number N(p,q, r) is unchanged if p = q = r . The
types of the various triple points remain the same on either side of the move (3). ✷
Hence, N(p,q, r) (mod 2) (p = q = r) is an invariant of a surface-link, which we call a
Z2-triple point invariant.
3. a-loops and m-loops
In a projection of a surface-linkF = F1∪F2∪· · ·∪Fn, the double point set is considered
to be a union of immersed loops and immersed arcs. Such an immersed loop is of type
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Fig. 1.
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Fig. 2.
(p, q) if the over-sheet along the loop is from Fp and the under-sheet is from Fq (cf. [1]).
See Fig. 2. If an immersed loop has an immersed tubular neighborhood in the surface
projection which is homeomorphic to a union of two immersed annuli, we call it an a-
loop; otherwise is homeomorphic to a union of two immersed Möbius bands and we call it
an m-loop.
The next lemma about loops not contained in the surface projection will be used in
the theorem below; the proof follows from standard Z2-homology intersection number
considerations.
Lemma 3.1. Let S be a generic surface in R3 and  be an embedded loop in R3. If 
intersects with S transversely and misses the double point set of S, then the number of
intersections of  and S is even.
We prove the following theorem by using Lemma 3.1. The proof is based on an approach
developed in [1].
Theorem 3.2.
(1) If F = F1 ∪ F2, then
N(1,2,1)≡N(2,1,2) (mod 2).
Moreover, if either F1 or F2 is orientable, then
N(1,2,1)≡N(2,1,2)≡ 0 (mod 2).
(2) If F = F1 ∪ F2 ∪ F3, then there exist a, b, c ∈ Z2 with a + b+ c ≡ 0 (mod 2) such
that
N(1,2,3)≡N(3,2,1)≡ a (mod 2),
N(3,1,2)≡N(2,1,3)≡ b (mod 2),
N(2,3,1)≡N(1,3,2)≡ c (mod 2).
Proof. Let 1, . . . , s be the immersed loops of type (1,2) in the double point set. We
homotopically push each k off of F to obtain an embedded loop ∗k parallel to k as
depicted in Fig. 3. In the case that lk is an m-loop, we will arrange it so that the intersection
of lk and the immersion of the associated Möbius band neighborhood is a single point,
indicated by ∗k in the figure.
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Fig. 3.
(1) Let xk (respectively yk) be the number of intersections of ∗k and F1 (respectively
F2) except the points with the mark ∗ in case that k is an m-loop. By Lemma 3.1, we see
that
xk ≡ yk ≡
{
0 (mod 2) if k is an a-loop,
1 (mod 2) if k is an m-loop,
so we have
s∑
k=1
xk ≡
s∑
k=1
yk (mod 2).
On the other hand, such intersections of ∗k ∩F1 occur near triple points of type (1,1,2)
and (1,2,1). See Fig 4. Near a triple point of type (1,1,2) a pair of intersections occurs,
and near a triple point of type (1,2,1) a single intersection occurs. Hence we obtain
s∑
k=1
xk ≡N(1,2,1) (mod 2).
Similarly, since the intersections of ∗k ∩ F2 occur near triple points of type (1,2,2) and
(2,1,2), it holds that
s∑
k=1
yk ≡N(2,1,2) (mod 2).
Fig. 4.
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Fig. 5.
Thus we have N(1,2,1)≡N(2,1,2) (mod 2).
If either F1 or F2 is orientable, then every i is an a-loop. Since it holds that xk ≡ yk ≡ 0
(mod 2), we obtain N(1,2,1)≡N(2,1,2)≡ 0 (mod 2).
(2) Let zk be the number of intersections of ∗k and F3. By Lemma 3.1, we see that
zk ≡ 0 (mod 2).
Such intersections occur near triple points of type (1,2,3), (1,3,2) and (3,1,2). Near a
triple point of each type a single intersection occurs, and hence we obtain
N(1,2,3)+N(1,3,2)+N(3,1,2)=
s∑
k=1
ck ≡ 0 (mod 2).
Generally we obtain
N(p,q, r)+N(p, r, q)+N(r,p, q)≡ 0 (mod 2)
for any triple (p, q, r) with {p,q, r} = {1,2,3}. These equations are equivalent to the
required ones. ✷
Corollary 3.3. If p = q , then
N(p,q,p)≡ #(m-loops of type (p, q)) (mod 2).
From this corollary, #(m-loops of type (p, q)) (mod 2) is also an invariant of a surface-
link if p = q . We notice that #(m-loops of type (p,p)) (mod 2) is not an invariant in
general; for example, Fig. 5 shows two projections of an unknotted Klein bottle in R4. The
left one contains no m-loop and the right contains a single m-loop.
4. Movie pictures
To illustrate a surface-link F , we will use the cross sections; put a surface-link diagram
DF of F in general position in R3 and cut it by the family of parallel planes R2t ,−∞ <
t <∞, perpendicular to a properly chosen direction. If R2t cuts DF , the intersection will
generally be a (classical-)link diagram in R2t .
For an interval [t0, t1] which contain no critical points of DF , R2t ∩ DF (t ∈ [t0, t1])
corresponds to an isotopy for the link diagram which in turn corresponds to a sequence
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of Reidemeister moves. In particular, a Reidemeister move III generates a triple point in
the projection of F ; more precisely, if the top, middle and bottom arcs involved in the
move III are from Fp , Fq and Fr , respectively, then the corresponding triple point is of type
(p, q, r). See Fig. 6.
Proposition 4.1. There exists a 2-component surface-link F = F1 ∪ F2 such that:
(i) Fk is homeomorphic to a projective plane (k = 1,2), and
(ii) N(1,2,1)≡N(2,1,2)≡ 1 (mod 2).
Proof. In Fig. 7 we illustrate the surface-link F = F1 ∪ F2, which is isotopic to 8−1,−11 in
the list of [4]. For convenience F1 (respectively F2) is drawn by the real line (respectively
the dotted line). We show that this surface-link is the required one. Since each component
of F is homeomorphic to a projective plane, we may only show that N(1,2,1) ≡
N(2,1,2)≡ 1 (mod 2).
Consider the surface-link diagram of F as mentioned above, so that its double point set
contains two triple points; the isotopy from the middle slice to the slice shown to its right
consists of two Reidemeister moves III. Since one triple point is of type (1,2,1) and the
other is of type (2,1,2), we have the conclusion. ✷
Fig. 6.
Fig. 7.
Fig. 8.
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Example 4.2. The surface-link 10−1,−11 in [4] also has two components each of which
is homeomorphic to a projective plane. We illustrate the cross sections of its diagram in
Fig. 8. By investigating which Reidemeister moves are required in the omitted parts ≈, we
see that N(1,2,1)≡N(2,1,2)≡ 0 (mod 2).
5. Homological interpretation
Let F0 be a non-orientable surface-knot and C an embedded loop in R4 which is disjoint
from F0. Then the homology class [C] in H1(R4−F0)∼= Z2 is computed as follows; under
a suitable projection of R4 onto R3, we may assume that (the projection of) C intersects
with (the projection of) F0 transversely and misses the double point set of F0. At each
crossing between C and F0, there are two over-under informations depicted in Fig. 9. If
the arc of C is over (respectively under) the sheet of F0, the crossing is called positive
(respectively negative). Then it is easy to see that
[C] ≡ #(the positive crossings of C ∩F0) (mod 2)
≡ #(the negative crossings of C ∩ F0) (mod 2).
Let F = F1 ∪ F2 be a 2-component surface-link such that both Fk are non-orientable.
Consider two inclusions i1 :F1 ↪→ R4 − F2 and i2 :F2 ↪→ R4 − F1. Since the torsion
subgroup TH1(Fk) (k = 1,2) is isomorphic to Z2 = {0,1}, we define the number τk ∈ Z2
as τk = (ik)∗(1). Then we give a homological interpretation of the triple point invariant of
F in terms of τ1 and τ2.
Theorem 5.1. Let F = F1 ∪F2 be a 2-component surface-link such that both Fk are non-
orientable. Then
N(1,2,1)≡ τ1 (mod 2),
N(2,1,2)≡ τ2 (mod 2).
Proof. We will only prove that N(1,2,1)≡ τ1 (mod 2). Let C1 be an embedded loop in
F1 representing the generator of the torsion subgroup TH1(F1)∼= Z2. By taking C1 to be
a loop in R4 −F2, it is sufficient to show that
#(the positive crossings of C1 ∩F2)≡N(1,2,1) (mod 2),
Fig. 9.
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from the above consideration. In the projection of F = F1 ∪ F2, each positive crossing
occurs at the intersection between C1 and a double point curve of type (1,2). See Fig. 10.
Hence, for the immersed loops of type (1,2), say 1, . . . , s , in the double point set, we may
prove that
s∑
k=1
#(C1 ∩ k)≡N(1,2,1) (mod 2).
Recall that [C1] ∈ H1(F1) has order 2. Then we cut F1 along C1 so that we obtain an
orientable surface F1−C1. In this sense, we can orient F1 which has opposite orientations
along the curve C1. On the other hand, if k is an a-loop (respectively an m-loop), the twist
of its neighborhood is 0◦ (respectively 180◦). Hence we see that
#(C1 ∩ k)≡
{
0 (mod 2) if k is an a-loop,
1 (mod 2) if k is an m-loop,
see Fig. 11 for the suggestion of this. In the figure, the shaded and shadeless parts
have opposite orientations which come from F1 − C1. Since the orientations at the ends
of the neighborhood are coincident (respectively opposite) in case that k is an a-loop
Fig. 10.
Fig. 11.
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(respectively an m-loop), the number of the intersections between C1 and k is even
(respectively odd). So we have
s∑
k=1
#(C1 ∩ k)≡ #
(
m-loops of type (1,2)
) (mod 2),
and it is equal to N(1,2,1) (mod 2) by Corollary 3.3. ✷
The following is deduced from Theorems 1.2(1) and 1.4. The direct proof is given by
A. Kawauchi.
Corollary 5.2. For any 2-component surface-link whose components are both non-orien-
table, it holds that τ1 ≡ τ2 (mod 2).
Proof (Kawauchi). We take an embedded loop Ck on Fk which represents the generator of
TH1(Fk) (k = 1,2) . Since Fk −Ck is orientable, we can consider Fk ⊂R4 as an oriented
2-chain with ∂Fk = 2Ck (k = 1,2).
For an integral 2-chain Dk in R4 with ∂Dk = Ck (k = 1,2), the rational 2-chain
1
2Fk − Dk is a rational 2-cycle; indeed, ∂( 12Fk − Dk) = Ck − Ck = 0. Using rational
intersection numbers in R4, we have
0 = Int( 12F1 −D1, 12F2 −D2)
= 14 Int(F1,F2)− 12 Int(F1,D2)− 12 Int(D1,F2)+ Int(D1,D2)
≡ 12 Int(F1,D2)− 12 Int(D1,F2) (mod 1).
On the other hand, we see that
τ1 ≡ Int(D1,F2) (mod 2),
τ2 ≡ Int(F1,D2) (mod 2),
and hence, we have the conclusion. ✷
We will define an invertible arc pair and show how to construct a 2-component surface-
link, called a half-twist spun P 2-link, from an invertible arc pair. Consider an arc pair
α1 ∪ α2 in D2 × I such that ∂α1 ⊂ D2 × {0} and ∂α2 ⊂ D2 × {1}. Such an arc pair is
invertible if (r × idI )(αk) = αk (k = 1,2), where r :D2 → D2 denotes the rotation by
180◦. We define a Möbius band pair M1 ∪M2 in (D2 × I)× S1 as follows:
(
D2 × I,α1 ∪ α2
)× I ((x, t),0)∼ ((r(x), t),1).
We put (D2 × I)× S1 in R4 and take a disjoint disk pair D1 ∪D2 in the complement with
∂Dk = ∂Mk (k = 1,2) so that we obtain a 2-component surface-link P1 ∪ P2, where each
Pk =Mk ∪Dk is homeomorphic to a projective plane. See Fig. 12.
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Fig. 12.
For an arc pair α1 ∪ α2 in D2 × I , let L(α1, α2) (mod 2) denote the Z2-linking number
between α1 and α2. Then the Z2-triple point invariant of a half-twist spun P 2-link can be
calculated as follows.
Corollary 5.3. Let F = P1 ∪ P2 be a half twist spun P 2-link of an invertible arc pair
α1 ∪ α2. Then it holds that N(1,2,1)≡ L(α1, α2) (mod 2).
Example 5.4. Consider an invertible arc pair with a loop α1∪α2 ∪β3 as shown in Fig. 13.
By the same construction above, we obtain a 3-component surface-link F = P1 ∪P2 ∪K3,
where Pk is homeomorphic to a projective plane (k = 1,2) and K3 is homeomorphic to a
Klein bottle. Then the Z2-triple point invariants of F are
N(1,2,1)≡N(2,1,2)≡ 1 (mod 2),
N(1,3,1)≡N(3,1,3)≡ 1 (mod 2),
N(2,3,2)≡N(3,2,3)≡ 1 (mod 2),
N(1,2,3)≡N(3,2,1)≡ 1 (mod 2),
N(3,1,2)≡N(2,1,3)≡ 1 (mod 2),
N(2,3,1)≡N(1,3,2)≡ 0 (mod 2).
Fig. 13.
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